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1 introduction
[11] , Stokes inf-sup condition
, aposteriori .




$-\nu\triangle u+\nabla p=f$ in $\Omega.$,
$\mathrm{d}\mathrm{i}\mathrm{v}u=0$ in $\Omega$ ,
$u=0$ on $\partial\Omega$ .
(1.1)
$\Omega$ $\mathrm{R}^{2}$ , $u=(u_{1}, u_{2})^{T},$ $f=(f1\cdot f_{2})^{T}$ 2 , $\nu>0$ .
, $::\tau\ovalbox{\tt\small REJECT}$’ . $H^{k}(\Omega)$ $k$ Sobolev ,
.
$H_{0}^{1}(\Omega)$ $\equiv$ { $v\in H^{1}(\Omega)$ ; $v=0$ on $\partial\Omega$ },
$L_{0}^{2}(\Omega)$ $\equiv$ $\{v\in L^{2}(\Omega) ; \int_{\Omega}vdxdy=0\}$ ,
$S$ $\equiv$ $H_{0}^{1}(\Omega)22\mathrm{X}L0(\Omega)$ .
$(\cdot, \cdot)$ $\Omega$ $L^{2_{-}}$ , norm .
$|\cdot|0$ : $L^{2}(\Omega)$-norm, $|v|_{0^{2}}= \int_{\Omega}v^{2}dxdy$.
$|\cdot|_{1}$ : $H_{0}^{1}(\Omega)$-seminorm, $|v|1=|\nabla v|_{0}$ .
, $S\mathrm{x}S$ bilinear form $\mathcal{L}$
$L([u,p], [v, q])\equiv\nu(\nabla u, \nabla v)-(p, \mathrm{d}\mathrm{i}\mathrm{v}v)-(q, \mathrm{d}\mathrm{i}\mathrm{v}u)$ [$u,p1,$ $[v, q]\in S$ . (1.2)
, Stokes (1.1) :
find $[u,p]\in S$ such that
(1.3)
$\mathcal{L}([u,p]’.1v, q])=(f, v)$ $\forall[v, q]\in S$ .
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, (1.3) $S$ – .
, [11] , $[u,p]\in S$
$\delta(u,p)\equiv$ $\sup$ $\frac{\mathcal{L}([u,p],[v,q])}{|v|_{1}+|q|_{0}}$






, $\beta>0$ $\Omega$ , . , $\Omega$
$1/\beta<2.614$ , , $n$ $\frac{1}{\beta}=\sqrt{\frac{2}{1-\sin(\pi/n)}}$ (cf. [3]).
2 apriori
, (1.3) , (1.4) apri-
ori . , .
$\Omega\subset \mathrm{R}^{2}$ , $h$ $T_{h}$ scale parameter . $h>0$
. , $X_{h}\subset H_{0}^{1}(\Omega)\cap C(\overline{\Omega})$ $u$ ,
$\mathrm{Y}_{h}\subset L_{0}^{2}(\Omega)\cap C(\overline{\Omega})$
$p$ .
, projection . $P_{0}$ $L^{2}(\Omega)$ $X_{h}$
$L^{2}$-projection, $P_{1}$ $H_{0}^{1}(\Omega)$ $X_{h}$ $H_{0}^{1}(\Omega)$-projection .
(1.3) :
find $[u_{h}.p_{h}]\in X_{h}^{2}\cross \mathrm{Y}_{h}$ such that
(2.1)
$\mathcal{L}([u_{h\cdot p_{h}}]. [v_{h}.q_{h}])=(f_{:}v_{h})$ $\forall[v_{h\cdot q_{h}}]\in X_{h}^{2}\cross \mathrm{Y}_{h}$ .
, $X_{h}$ :
$\inf_{\xi\in X_{h}}|v-\xi|1\leq C_{0}h|v|_{2}$
$\forall v\in H_{0}^{1}(\Omega)\cap H^{2}(\Omega)$ . (2.2)
, $C_{0}$ , $|\cdot|$ $\Omega$ $H^{2}$-seminorm . (2.2) ,
. , $C_{0}$ $X_{h}$
. , 1 1 $C_{0}=1/\pi$ ([6]). , 1 2
2 , $\iota$ $C_{0}=1/(2\pi)$ , ,
1 $C_{0}\leq 0.81$ .
(2.2) , projection Aubin-Nitsche’s trick , $\forall v\in H_{0}^{1}(\Omega),$ $v_{h}=P_{1}v$
, :
$|v-v_{h}|0\leq C_{0}h|v|_{1}$ . (2.3)





$\mathcal{L}([e_{h}, \epsilon_{h}], [v, q])=\nu(\nabla(u-u_{h}), \nabla(v-\xi h))-(p-ph, \mathrm{d}\mathrm{i}\mathrm{v}(v-\xi_{h}))+(q, \mathrm{d}\mathrm{i}\mathrm{V}u_{h})$
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$[v, q]\in S,$ $\xi_{h}\in X_{h}^{2}$ . , $\xi_{h}$ $v=(v_{1}, v_{2})^{T}$ $H_{0}^{1}$ -projection
$v_{h}=(P_{11}v, P_{1}v2)^{T}$
, $H_{0}^{1}$ -projection
$\mathcal{L}([e_{h}, \epsilon_{h}], [v, q])=\nu(\nabla u, \nabla(v-vh))-(p-p_{h}, \mathrm{d}\mathrm{i}\mathrm{v}(v-v_{h}))+(q, \mathrm{d}\mathrm{i}\mathrm{V}u_{h})$
. , Green , Schwarz , (2.3) ,
$\mathcal{L}([e_{h},\epsilon_{h}], [v, q])$ $=$ $(f-\nabla ph,v-v_{h})-(q, \mathrm{d}\mathrm{i}\mathrm{v}uh)$
$\leq$ $|f-\nabla ph|\mathrm{o}C0h|v|_{1}+|q|_{0}|\mathrm{d}\mathrm{i}\mathrm{v}uh|0$
$\leq$ $(C0h|f-\nabla p_{h}|0+|\mathrm{d}\mathrm{i}\mathrm{v}u_{h}|0)(|v|_{1}+|q|_{0})$










, $K_{1},$ $K_{2}$ $f$ ,
$|\mathrm{d}\mathrm{i}_{\mathrm{V}u_{h}}|0\leq K_{1}|P\mathrm{o}f|0$ , (2.6)
$|-\nabla ph+P0f|_{0}\leq K_{2}|P_{0}f|0$ . (2.7)
+X $\star\triangleright$ V. $R^{r}\mathrm{r}$ \star $larrow k\text{ }-r\mathrm{s}$ $+Z$. $-m\mathrm{L}$ $\mathrm{Q}k\sim \mathrm{L}_{-\cap}+\mathrm{f}\mathrm{f}\mathrm{l}\#\sim-$ $\#_{-}\mathrm{k}$
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Proof. $f\in L^{2}(\Omega)^{2}$ , Lemma 21, (2.6), (2.7) (2.5)







, (2.6), (2.7) $K_{1},$ $K_{2}$ .
, (2.9) $C(h)$ , apriori .
, $X_{h},$ $\mathrm{Y}_{h}$ $n’.m$ , $\{\phi_{j}\}_{1\leq j}\leq n’\{\psi_{j}\}_{1\leq j\leq m}$
. , $\{a_{j}^{(1)}\}1\leq j\leq n’\{a_{j}^{(2)}\}1\leq j\leq n$ $\{b_{j}\}_{1\leq j\leq m}$ ,
$u_{h}=(u_{h’ h}^{(1)()}u2)^{T}\in X_{h}^{2},$ $p_{h}\in \mathrm{Y}_{h}$
$u_{h}^{(1)}$ $=$ $\sum_{i=1}^{n}a^{(1}i)\phi_{i}$ ,
$u_{h}^{(2)}$ $=$ $\sum_{i=1}^{n}a^{(2})i\phi_{i}$ ,
$p_{h}$ $=$ $\sum_{i=1}^{m}b_{i}\psi i$ .
– . , (2.1) t
$\{$
$\sum a_{i}^{(1)}(\nabla\phi i\cdot\nabla\phi j)-\sum bi(\psi_{i}. \frac{\partial\phi_{j}}{\partial x})nn$ $=$ $(fi\cdot\phi_{j})$ $1\leq j\leq n$ .
$i=1$ $i=1$
$- \sum a_{i}^{(2)}(\nabla\phi i, \nabla\emptyset j)-\sum bi(\psi_{i}. \frac{\partial\phi_{j}}{\partial y})nn$ $=$ $(f_{2}.\phi_{j})$ $1\leq j\leq n$ .
$i=1$ $i=1$
$- \sum a_{i}^{(1)_{(}}\psi j,$$\frac{\partial\phi_{i}}{\partial x})m-\sum a_{i}^{(2)}m(\psi j\cdot, \frac{\partial\phi_{i}}{\partial y})$ $=$ $0$ $1\leq j\leq m$ .
$i=1$ $i=1$
(3.1)
$\{a_{j}^{(1)}\},$ $\{a_{j}^{(2)}\},$ $\{b_{j}\}$ .
, :
$\mathrm{a}_{1}$ $=$ $(a_{1’ 2}^{(1)}a,..a^{()}(1)..\text{ }n1)_{1\mathrm{x}n}$ ,
$\mathrm{a}_{2}$ $=$ $(a_{1,2’\cdot\cdot n}^{(2).(}aa^{(2)})_{1\mathrm{X}n_{\text{ }}}2)..,\cdot$
a $=$ $(\mathrm{a}_{1}, \mathrm{a}_{2})_{1\mathrm{x}2n}$ .
$\mathrm{b}$ $=$ $(b_{1}, b_{2,\ldots \text{ }}.b_{m})_{1\cross}m$
’
$\mathrm{f}_{1}$ $=$ $((f^{(1)}, \phi_{1})’.(f^{()}\iota J^{\cdot}\phi 2),$
$\ldots,$
$(f(1), \phi n))_{n}^{\tau_{\cross 1}}$ ,
$\mathrm{f}_{2}$ $=$ $((f^{(2)}, \emptyset 1)\text{ }.(f(2), \phi 2),$
$\ldots,$




$(D_{0})_{ij}$ $=$ $(\nabla\phi_{i}, \nabla\phi_{j})n\cross n$
’
$(D)_{ij}$ $=$
$(E_{x})_{ij}$ $=$ $( \psi_{i}, \frac{\partial\phi_{j}}{\partial x})=-(\frac{\partial\psi_{i}}{\partial x}, \psi_{j})m\cross n$
’
$(E_{y})_{ij}$ $=$ $( \psi_{i}, \frac{\partial\phi_{j}}{\partial y})=-(\frac{\partial\psi_{i}}{\partial y}, \phi_{j})m\cross n$
’
$(E)_{ij}$ $=$ $(E_{x}E_{y})_{m\mathrm{X}2n}$ ,
$(G)_{ij}$ $=$ $)\cross(2n+m)$ .
, (3.1) 1
$G=$ . (3.2)
. , $G$ , $G^{-1}$
$(G^{-1})ij=$ ,
. $G_{a},$ $G_{b}$ $G_{*}$ } $2n\cross 2n_{:}m\cross 2n$ . $m\cross m$ .







, $L^{2_{-}}\mathrm{n}\mathrm{o}\mathrm{r}\mathrm{m}|P_{0}f|0\cdot|\mathrm{d}\mathrm{i}_{\mathrm{V}u}h|0’.|-\nabla p_{h}+P_{0}f|0$ 2 , $K_{1},$ $K_{2}$
$P_{0}f_{1}= \sum_{1i=}q_{i}^{(1})\phi i$ , $P_{0f_{2}=} \sum qi=1i(2)_{\phi_{i}}$ .
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.
$\mathrm{q}_{1}=(q_{1}’. . qn(1)\ldots(1))_{1\mathrm{X}n}$ . $\mathrm{q}_{2}=(q_{1}^{()..)}2.., q_{n}(2)_{1\mathrm{X}n}$ .




$\mathrm{q}_{11}^{T1}=L^{-}\mathrm{f}$ . $\mathrm{q}_{22}^{T1}=L^{-}\mathrm{f}$ .
.
$|P_{0}f|0^{2}$ $=$ $(P\mathrm{o}fi\cdot P0f1)+(P_{0}f_{2}.P0f_{2})$






, $n\cross n$ $D^{xx},$ $D^{xy},$ $D^{yy}$
$(D^{xx})_{ij}$ $=$ $( \frac{\partial\phi_{i}}{\partial x}. \frac{\partial\phi_{j}}{\partial x})\mathfrak{p}\cross \mathrm{n}$ .
$(D^{xy})_{ij}$ $=$ $( \frac{\partial\phi_{i}}{\partial x}.\cdot\frac{\partial\phi_{j}}{\partial \mathrm{e}/})n\cross n$ .
$(D^{yy})_{ij}$ $=$ $( \frac{\partial\phi_{i}}{\partial y}. \frac{\partial\phi_{j}}{\partial y})n\cross n$ .
, $2n\cross 2n$ $Q_{1}$
$(Q_{1})_{ij}=\underline,\cdot$
+\hslash .- $y\mathrm{k}\mathrm{f}\mathrm{i}\#$. $\gamma$] $\backslash \Gamma’$)
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Proof. (3.3)
$|\mathrm{d}\mathrm{i}\mathrm{V}u_{h}|_{0}2$ $=$ $(\mathrm{d}\mathrm{i}\mathrm{v}u_{h}, \mathrm{d}\mathrm{i}_{\mathrm{V}}u_{h})$
$=$






, $m\cross m$ $\tilde{D}$
$(\overline{D})_{i}-\dot{\uparrow}(=\nabla\psi_{i}.\nabla\psi j)_{m\vee}\mathfrak{m}$











$\Omega$ $(0,1)\cross(0,1)$ , $\nu=1$ , Stokes :
$\{$
$-\triangle u+\nabla p=f$ in $\Omega=(0.1)\cross(0.1)’$.
$\mathrm{d}\mathrm{i}\mathrm{v}u=0$ in $\Omega$ .
$u=0$ on $\partial\Omega$ .
(4.1)
$\Omega$ . x( $y$ ) $N$ . parameter $h$
$h=1/N$ . $X_{h}\subset H_{0}^{1}(\Omega)\cap C(\overline{\Omega})$ 2 (piecewise bi-
quadratic) . , $\mathrm{Y}_{h}\subset L^{2}(\Omega)\mathrm{n}c(\overline{\Omega})$ 1 (piecewise bilinear)
. 2 , 1 2 .
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$u_{1}(x.y)$ $=$ $20_{X^{\underline{9}}}(1-X)^{2}y(1-y)(1-2y)$ ,
$u_{2}(x.y)$ $=$ $20_{y}-,(1-y)\underline{9}x(1-x)(1-2x)\text{ }$.
$p(x.y)=4x(=1+2y)(10x^{23}-15x+6x^{4}-10_{y}+30xy-20x^{2}y+10y-30xy22+20_{x^{2}y^{2}})$
(4.1) $f$ , [11] aposteriori
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